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CHAPTER I 

INTRODUCTION 

Box girder bridges have received wide attention in the design office because of their 

desirable characteristics. More and more box girder bridges have been built in Florida and 

throughout the world. In particular, this type of bridge is very effective in resisting bending 

because of their wide bottom flanges. Because of the enclosed shape of the box girder, it offers 

substantial rigidity in resisting torsion of the bridge. The high torsional strength of box girder 

bridges makes their construction particularly suited to structures with significant curvature. 

The high torsional strength also permits the bridge to be designed as a unit without considering 

individual girders. In addition, the box can resist corrosion of steel box bridge more 

readily, as half of the steel surface is contained within the section. Along with these basic 

advantages, the box shape girder is an aesthetically pleasing structure. 

For their distinguished merit of the characteristics, there are various types of box girder 

bridges which have been developed during the past decades. According to the different shapes 

of bridge alignments, box girder bridges can be divided into straight and curved girder bridges. 

Based on different cross-sections, the box girder bridges could be parted into single and multi-

box girder bridges. According to the different kinds of structural systems, box girder bridges 

could be separated into continuous box girder, cantilever box girder, T-shaped frame box 

girder bridges, and so on. Box girder also can be divided into concrete and steel box girder 

bridges on the basis of materials of which the girders consist. 



Because of the widespread use of box girder bridges and their particular mechanic 

characteristics, many investigations on the static and dynamic behaviors of box girder 

bridges have been conducted in America and other countries [1, 3, 8, 9, 10, 13, 14, 15, 16, 

17, 18, 21, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 42, 43, 46, 

47, 48, 50, 51, 55]. Comparatively, the study of dynamic response of box girder bridges to 

vehicles is very little. This seems , on the surface, to be illogical since a bridge is the main 

structure built with the specific purpose of providing for dynamic loading, i.e., the design 

load magnitude and position is a function of time. However, the dynamic analysis of box 

girder bridges in general is a complex mathematical problem that has prevented extensive 

work in this area [4, 48]. Inhanathan and Wieland [241 studied the vibration of straight 

single box girder bridges due to vehicle moving, using planar bridge and vehicle modes. 

Jones and Chu [27] considered the response of a straight box girder beam of constant cross-

section subjected to the movement of a mass supported by four springs with folded plate 

theory. Hutton and Cheng [23] used finite strip method and planar two-axle vehicle model to 

study the dynamic response of a single span straight box girder bridge. As the former 

investigators used a simple vehicle model and didn't consider the effect of road surface 

roughness, little applicable results for bridge design have been obtained. The current 

AASHTO specification provided designers with no specific guidance regarding the impact 

evaluation of straight box girder bridges. 

Since 1960's, for aesthetic, economic, and construction considerations, curved box 

girder bridges have become increasingly popular and have been the interesting subject of 

research. Komatsu, Nakai, et al. [29, 30, 31, 321 presented several papers in the early 1970's 

on the free and forced dynamic response of horizontally curved box girder bridges and gave 

19 



differential equations for stress resultants and displacements. In 1975, Rabizadeh and Shore [42 ] 

presented a finite element method for the dynamic analysis of a curved box girder bridge. The 

roadway slab and flanges of the box girders are discretized by using cylindrical shell elements. 

The intermediate and end plate diaphragms in the curved box girder are discretized by rectangular 

plate elements. The strut or axial force member used in diaphragms has one degreeof-freedom at 

each of its two nodes. The research conducted by Rabizadeh and Shore forms the basis of the 

AASHTO provisions relative to the dynamic impact factors, for the design of horizontally curved 

composite box girder bridges. Schelling, et al. [46] treated a multi-box girder bridge as a planar 

grid and a vehicle as two constant forces with no, mass to study the impact factors of horizontally 

curved steel box girder bridges. Unfortunately, all previous research work on the dynamic 

investigation of box girder bridges have following main shortcomings: 

(1) The vehicle loading was modeled as a set of moving constant forces without 

considering the effect of space loading and vehicle springs. 

(2) One vehicle loading was considered and the mass of the moving vehicle was neglected 

in many investigations. However, recent studies have shown that the weight of vehicle is an 

important factor which affected the impact of bridges. 

(3) Smooth bridge deck was assumed without considering the road surface roughness 

which is a very important factor for impact study of bridges. 

(4) The effect of damping was neglected in the impact study of curved box girder bridges. 
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(5) The effect of the span length and transverse loading position have not fully studied, 

especially for concrete box girder as well as single and multi-cell box girder bridges. 

(6) No comprehensive comparison between the experimental results and theoretical 

ones has been made, though several field tests reported high impact would occur in curved box-

girder bridges [1, 28, 38]. 

Because of the above shortcomings, the previous obtained results have not completely 

reflected the real characteristics of box girder bridges. Their impact behaviors imperatively need 

to be further studied in order to avoid unnecessary waste of materials. Moreover, there are many 

box girder bridges in Florida. In order to insure their safety for the traveling public and to protect 

their initial investment, the evaluation of existing box girder bridges has become a very 

important problem. This also needs a reliable method for determining the dynamic response of 

box girder bridges due to moving vehicles. 

The substructure of a bridge is one of its most significant components in regard to design 

and greatly influences its economy. Vehicle loading is a main design loading for the 

substructure. The impact loading of piers recommended by AASHTO specification has not 

accounted for the characteristics of piers itself and the interaction between superstructures and 

substructures. Vehicle braking on highway bridges is also a very important dynamic loading for 

bridge piers. The current AASHTO specifications stipulate that the effect of a longitudinal force 

of 5 percent of the live load in all lanes carrying traffic headed in the same direction should be 

considered in the design of substructure. Ontario, Highway Bridge Design code says that the 

braking force for a design lane shall be taken as an equivalent static force of either 160 kN or 
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10 % of the lane load, whichever is greater. The method for estimating vehicle braking loading 

needs to be further experimental and theoretical study. Moreover, the increasing weight of 

vehicles and the variation of the connecting way between superstructure and substructure also 

make the further investigations of vehicle loading for substructure design more inevitable. 

The proposed research will preliminarily divided into three phases. In Phase I, the 

research will be focused in the study of dynamic loading of straight box girder bridges. The 

main objectives are: (1) the development of space multi-vehicle loading models; (2) the 

development of space straight models; (3) the study of dynamic response of simply supported 

straight box girder bridges; (4) the investigation of dynamic response of the cantilever box 

girder and continuous box girder bridges. 

In Phase II, the research will be concentrated on the impact study of horizontally 

curved box girder bridges. The main tasks in this phase will be: (1) the development of space 

multivehicle loading models for curved box girder bridges; (2) the development of space 

curved box girder bridge models; (3) the study of maximum impact factors of simply 

supported curved box girder bridges; (4) the study of maximum impact factors of multi-span 

continuous box girder bridges; (5) the investigation of field tests and comparison between 

experimental and theoretical results. 

In Phase III, the study of dynamic loading of bridge substructures and vehicle braking 

will be conducted. The specific objectives are: (1) the development of vehicle braking model, 

(2) the develop of interactive model between bridge and substructure, (3) the study of the 
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interaction between superstructure and substructure, (4)the study of the dynamic loading of 

bridge substructures and the braking force; (5) the study of influence of pier length and types; 

(6) the investigation of field testing and the comparison between theoretical and experimental 

results. 

The mathematical model for thin-walled box girder bridges is described in Chapter 2. 

The stiffness and mass matrices of the finite thin-walled box girder element are presented 

first. Then, two box girder bridges studied by former investigators are examined again to 

validate the presented bridge model. 

Chapter 3 is primarily about the dynamic analysis of simply supported box girder 

bridges. In this chapter, the whole analytical procedure for dynamic response exited by 

moving vehicles is briefly described, including vehicle model, road surface roughness, 

bridge/vehicle interaction equations, and numerical method. Then, the free and forced 

vibration characteristics of simply supported box girder bridges are discussed. 

The dynamic behavior of continuous and cantilever box girder bridges is examined in 

Chapter 4. One continuous and two cantilever box girder bridges designed based on 

AASHTO specifications are given first. Then, the effect of loading models, vehicle speed, 

road roughness, hinges, etc. are studied. Also included in Chapter 4 are maximum impact 

factors of the bridges and their comparison with ASSHTO specifications. 

The significant conclusions and recommendations are given in Chapter 5. 
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CHAPTER H 
 

MODEL OF BOX GIRDER BRIDGES 

2.1. Introduction 

The usage of thin-walled box girders in highway bridge construction has been proven to 

be a very efficient structural solution for medium-and-long bridges for reason mentioned in 

Chapter 1. However, analytically, the box girder reveals a complex problem. For this reason, it 

has received a great deal of attention by the researchers over the past decades. A fundamental 

contribution to the general solution of the problem was given by Vlasov [63]. Since then, many 

papers on the static, stability, and vibration analysis of box girders have been published [6, 21, 

35, 43, 44, 61]. Comparatively, papers on the dynamic response of thin-walled girders to 

moving vehicles are quite limited. Jones and Chu [27] considered the response of a box girder 

beam of constant cross-section subjected to the movement of a mass supported by four springs 

without considering road surface roughness. In their study, the bridge deck was accurately 

modeled using a number of strips in conjunction with folded plate theory. Hutton and Cheung 

[23] studied the effects of vehicle and bridge parameters upon the dynamic response of a box 

girder bridge based on finite strip method. In their investigation, the vehicle was modeled as a 

plane rigid body supported at two points by a suspension idealization. The road surface profile 

was assumed to deviate from the horizontal by a sine wave of wavelength A. In all foregoing 

investigations on dynamic response of box girder bridge to moving vehicles, the vehicle model 

and deck surface profile model need to be improved. Also, the folded plate and finite strip 
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element methods used in their studies have some shortcomings. For example, it is not easy to - 

isolate the effect of torsional and distortional warping on normal stresses from that of bending, 

to account for each type of structural action, to account for its relative significance in the 

overall behavior of the box, as well as to analyze the box girder bridges with variable depth of 

crosssection and complex boundary conditions. 

The purpose of this Chapter is to present the basic theory of box girder and its formulae 

of finite element for evaluating the static and dynamic load of box girder bridges, as well as the 

validation of the theory. 

2.2. Displacements of Thin-Walled Box Girders 

It is, well-known that a box girder (Fig. 2-1) subjected to transversely nonuniform 

loading undergoes deformation of the cross section. This behavior gives rise to longitudinal 

stresses due to nonuniform warping and transverse flexural stresses due directly to 

deformation of the cross section. In order to account for this behavior, four displacements 

are taken into consideration in this study, i.e. 

{δ}=[u v θ θ]T 2-1 

where u is the lateral translation (see Fig. 2-2 ); v is the vertical translation (see Fig.2-3); 9 is 

the angle of twist about shear center which describe the rigid rotation of cross section (see 

Figs. 2-1 and 2-4), and ~ is the distortional angle [35] which is defined that the y and x axes 

rotate about distortion center (see Figs. 2-1 and 2-5) an angle 0 and v6, respectively. Based 

on the definition of ~, the distortion of the cross section can be expressed as 
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'γN  =  ( 1 + v )θ  2 - 2  

where the factor v is used in order to ensure the continuity of distortion warping and can be 

determined by 

4422
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where p; is the perpendicular from distortional center (D.C.) to the side i whose length is d; 

(see Fig. 2-6). For a rectangular box v = 1. 

 

2.3 Finite Element Method of Thin-Walled Box Girders for Dynamic Analysis 

 

In order to determine the response of the box girder bridges with variable height of 

cross sections, deformable cross sections over supports and intermediate diaphragms, the finite 

element method of thin-walled beam will be used in the dynamic analysis. The box girder 

bridge is divided into finite thin-walled beam elements (see Figs. 2 - 7  and 2-8). The element 

axis is defined as the locus of the centroid. To better ;satisfy the accuracy of normal stress 

concerned, we take the nodal displacement parameter vector of an element as 

{δ }e=












j

i

δ
δ

 2-4 

in which {S;} = [u u v v θ θ θ θ θ θ ] 
 

        {S;} = [u u v v θ θ θ θ θ θ ] 



 







' and " represents the first and second derivatives with respect to longitudinal displacement z. A 

third order polynomial is assumed for the displacement functions of u and v; and a fifth order 

polynomial is assumed for θ and δ 

Based on the geometric relations between strains and displacements as well as the 

relations between stresses and strains [35, 59], then applying the principle of virtual 

displacement, the stiffness matrix of the thin-walled element can be obtained as follows 
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numerical example that both the finite element formulae and the computer program are reliable 

for static analysis of box girders. 

 

Numerical Example 2 [26, 27]; 

Fig. 2-15 shows the cross section of the box girder bridge used in Jones [26], which is 

simply supported with 30.48 m span. The bridge has end rigid diaphragms but no 

intermediate ones. The mass density is taken as 2570 kg/m3; the modulus of elasticity as 

2.069 x 10' MPa, and Poisson's Ratio as 0.2. The live load of truck is simplified as 

consisting of four identical wheel loads (see Fig. 2-16). Each wheel load is taken as 71.168 

kN represented by spring supported mass with the force in the spring distributed over a 

rectangular area of 60.96 cm transverse by 20.32 cm longitudinal (see Fig. 2-17). The spring 

constant is taken as 7.588 kN/cm. Internal damping of the truck as well as bridge damping are 

neglected. The two axles (four spring born loads) keep 4.267 m apart with exterior wheel 

touching the inside of the right curb (see Fig. 2-18). The vehicle speed is taken as 109.41 

km/hr (68 mph). The springs are considered as staring at zero vertical displacement and zero 

velocity when the load entering the bridge. The road surface is assumed to be smooth. 

 

The dynamic responses of 8 points at mid-span for vertical deflection and longitudinal 

stress are shown in Table 2-1. The numbering of the points are shown in Fig. 2-17. From 

Table 2-1, we can observe that the results calculated by the presented procedure agree very 

well with those evaluated by folded plate method [26], just slightly larger by less than 1.5% 

for almost all dynamic responses. 
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CHAPTER III 

VIBRATION OF SIIVIPLY SUPPORTED BOX GIRDER BRIDGES 

 

3.1 General 

 

As described in Chapter 2, the former investigators used simple planar model of 

vehicle and simple road profile simulation. This may not reflect the real behavior of practical 

box girder bridges. The fundamental purpose of this chapter is to analyze the bridge impact 

characteristics to be considered in the practical design and further impact studies of box girder 

bridges, with space truck models. 

 

3.2. Vehicle Model 

 

Figs. 3-1 and 3-2 illustrate the side and front views of a nonlinear vehicle model 

developed according to HS20-44 trucks which is a major design vehicle in AASHTO 

specifications [49]. Five rigid masses represent the tractor, semi-trailer, steer wheel/axle set, 

tractor wheel/axle set, and trailer wheel/axle set, respectively. In the model, the tractor, semi-

trailer were each assigned three degrees of freedom (DOF'S), corresponding to the vertical 

displacement (y), rotation about the transverse axis (pitch or B), and rotation about the 

longitudinal axis (roll or 0). Each wheel/axle set is provided with two DOF's in the vertical 

and roll directions. The total degrees of freedom are twelve. The tractor and semi-trailer were 

interconnected at the pivot point (so-called fifth wheel point, see Fig.3-1). 
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Suspension force consists of the linear elastic spring force and the constant interleaf 

friction force [22]. The tire springs and all dampers are assumed to be linear. The equations of 

motion of the system were derived by using Lagrange's formulation. Details of derivation and 

data are presented in Reference [53, 54]. 

 

3.3. Model of Road Surface Roughness 

 

The Power Spectral Density (PSD) functions for highway surface roughness have been 

developed by Dodds and Robson [7] and modified by Wang and Huang [53, 58]. They are 

shown as: 

 ( )
2−









=

φ
φφ rAs                                         3-1 

where: S(¢) = PSD (m2/cycle/m) 

    φ= wave number (cycle/m) 

Ar = roughness coefficient (ms/cycle) 

              oφ   = discontinuity frequency = 1/(27r) (cycle/in) 

The detail of the procedure for the road surface roughness generation has been discussed 

by Wang and Huang [53].  In this study, the values of 5x 10-6, 20x 10-6, 80x 10-6, and 256x 10'6 

m3/cycle were used according to International Organization for Standardization (ISO) 

specifications [7] as the roughness coefficient A, for the classes of very good, good, average, 

and poor roads, respectively. The sample length was taken as 256 rn (839.9 ft) and 2048 (2") 
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data points were generated for this distance. The average vertical highway surface profiles from 

ten simulations are shown in Figs. 3-3 to 3-10 for very good, good, average, and poor roads, 

respectively. 

 

3.4. Dynamic Analytical Procedure 

 

The fourth-order Runge-Kutta Integration scheme [19, 53, 54] was used to solve the 

equations of motion of the vehicle.  The equations of bridge were determined by Newmark 

method [2].  The main procedure for dynamic analysis of the bridges is demonstrated in Fig. 3-11. 

 

3.5. Description of Analytic Bridge 

 

In order to obtain more general dynamic characteristics of box girder bridges, a 

prestressed concrete box girder bridge presented in Ishac and Smith [25] is chosen in this study 

and shown' in Fig. 3-12. The box girder bridge has a span length of 45.72 m ( 150 ft.) and 

roadway width of 9.144 m (30 ft). The bridge is simply supported and has diaphragms at both 

ends with distortional rigidity of 4.763 kN-m x 10'. The density of the box girder is 2570 kg/m3. 

The effect of parapets is neglected in the analysis. 

 

3.6. Characteristics of Free Vibration 

 

The first six frequencies for four different cases of the analytic bridge are listed in Table  
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3-1. In case I, the bridge is assumed to have two rigid diaphragms at both end supports. Case II 

is the original design with two deformable end diaphragms. In Case III, the bridge is assumed 

to be added a mid-span diaphragm with the same rigidity as the end diaphragms. No 

diaphragm is considered in Case IV. From Table 3-1, it can be seen that frequencies have little 

difference among Cases I, II, and III. However, the frequencies of lateral bending and torsion 

decrease greatly if the bridge has no end diaphragm. Figs. 3-13 to 3-42 shows the first fifteen 

vibration modes of the bridges for Cases I and IV respectively. An examination of these 

figures shows that lateral vibration (u) and torsional ones (8,6) are always coupled together 

and that the lowest frequency is the vertical bending vibration mode. Figs. 3-29 to 3-42 

indicates 'that end diap 

3.7. Forced Vibration Analysis 

It is assumed that the bridge has damping characteristics that can be modeled as viscous. 

The damping matrix is assumed to be proportional to mass and stiffness and be made up of 

combinations of these [5]. One percent of damping is supposed for the first and second modes 

according to Ruhl [45] and Wang et al [57]. The solutions of Eq.2-28. are obtained by the  

Newmark method.  By trial, it is found that the time step of 0.0005 sec. can give very good 

accuracy for all kinds of dynamic responses. In order to get the initial displacements and 

velocities of vehicle DOF's when the vehicles entered the bridge, the vehicles were started the 

motion at a distance of 42.67 m (140 ft), i.e. five-car length) away from the left end of the 

bridge and continued moving until the entire vehicle cleared the right end of the bridge. All 

trucks have the same left and right road surface roughnesses.  The same class of road surface 
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is assumed for both the approach roadways and bridge decks. 

 

Figs.3-43 to 3-59 show seventeen time-history curves of the bridge under conditions of 

average road surface roughness and vehicle speed of 72.405 km/hr. (45 mph). Figs.3-43 to 3-45 

are the time histories of vertical shear Qy, bi-moment B,,„ and distortional bi-moment Bj, at left 

end support of the bridge, respectively. The histories of lateral bending moment My, vertical 

shear Qy, vertical bending moment Mx, torque TG,„ B„, distortional torque Tz;„ and B, at span 

fourth point are shown in Figs.3-46 to 3-52 individually. The histories of M,,, QY, MX, Tcc„ Bu„ 

Tj,, and B~ at mid-span are indicated in Figs. 3-53 to 3-59, separately. All of those histories are 

obtained based on Loading 4 of two-truck (see Fig.3-60). It can be observed from those time 

histories that first several lower vibration modes dominate the response of vertical bending 

moment at mid-span, while higher modes greatly affect the other responses of torque, bimoment, 

and lateral bending moment. 

 

In order to know the effect of lateral loading position on the dynamic response of the box 

girder bridge, the static response and impact factors at mid-span for symmetric and asymmetric 

one-truck loading cases (see Fig.3-61, Loadings 1 to 3) are evaluated and given in Tables 3-2 

and 3-3, in which MX, T.., B.„ Tz, Bz,, Dy, B, & express vertical bending moment, torque, bi-

moment, torque due to distortion, distortional bi-moment, vertical displacement, twist angle, and 

distortional angle, respectively. The impact factor is defined as 

 

I.P(%) = [Rdm/Rsm -1 ]x 100%  3-2 
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in which Rd. and R,. = the absolute maximum dynamic and static responses, respectively. The 

results listed in Tables 3-2 and 3-3 are determined according to average road surface and 72.405 

km/hr. (45 mph). 

 

From Tables 3-2 and 3-3, it can be inferred that: (1) The change of transverse loading 

position has little effect on the impact of vertical bending moment; (2) The impact of torque and 

bi-moment will be significantly affected by transverse loading positions, especially for bi-

moment; that is the smaller the static response, the larger the impact will be. Table 3-2 also 

gives the response of two-truck loadings (see Fig.3-60, Loadings 4 and 5). It can be seen from 

this table that the number of loading vehicle has significant influence on the impact. Generally, 

the impact of vertical bending moment will decrease with increasing the number of loading 

vehicles. For the presented bridge, it is reasonable to choose Loading 1 and Loading 4 to 

calculate the impact factors of torque and bending moment/bi-moment, respectively, because 

these two Loadings control the design for shear and normal stress. 

 

Table 3-4 demonstrates the effect of damping ratio. The results shown in Table 3-4 are 

determined based on average road surface roughness, vehicle speed of 72.405 km/hr(45 mph). 

and Loading 4 (see Fig.6-60). Table 3-4 expresses that damping greatly decreases the dynamic 

response of torsion and distortion by damping out the effect of high vibration modes. 

 

The effect of diaphragms can be seen from Tables 3-5 and 3-6 which shows the impact 

factors at mid-span evaluated according to average road surface roughness, vehicle speed of 

72.405 km/hr (45 mph), and Loading 4, for three cases. Case I is the original design of the  
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bridge with two end diaphragms. In Case II, the distortional rigidity of the two end diaphragms 

of the bridge is reduced by 0.1 times. No diaphragm is considered in Case III. From Tables 3-5 

and 3-6, we can observe that with decreasing distortional rigidity of diaphragms, the static 

responses of torsion and distortion increase, while the impact factors decrease. 

Figs. 3-62 to 3-67 demonstrates the variation of impact factor at mid-span with vehicle 

speeds. The curves of impact factor as a function of vehicle speed for moment and twist angle 

are shown in Figs. 3-62 to 3-67, respectively. Figs. 3-63 and 3-64 present the variation of 

impact factors with vehicle speeds for torsional moment and distortional moment, separately. 

The variation of impact factors of bi-moment due to torsion and distortion is illustrated in Fig. 

3-65 and 3-66, individually. It can be seen, from those figures, that: (1) Under the conditions 

of good or very good surface roughness, the variation of impact factor with vehicle speed is 

slight, and generally the maximum impact factors for inner forces are less than 10%; (2) With 

increasing road surface roughness, the impact factors increase rapidly, and high impact factors 

may be reached, especially for bi-moments whose dynamic responses are greatly influenced by 

high frequencies; (3) The impact factors of displacements are generally larger than those of 

inner forces, especially for angular displacements. Therefore, taking the impact factors of 

angular displacements as those of inner forces is not suitable in design practice. 
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CHAPTER IV 

DYNAMIC BEHAVIOR OF CONTINUOUS AND CANTILEVER 

BOX GIRDER BRIDGES 

4.1. Introduction 

The design and construction of continuous and cantilever thin-walled box girders in the 

recent decades have increased dramatically. Former investigations on this type of bridge 

emphasized the static behavior [15, 41]. However, little was known on the characteristics of 

bending and torsional vibration of the bridges, especially those caused by moving vehicles. 

Some valuable research work has been conducted on the subject of dynamic response of 

continuous and cantilever beam bridges. Fleming and Romnaidi [11] studied the dynamic 

response of the three-span continuous beams by modeling the vehicle as a single sprung mass 

and bridge as a system of concentrated masses. Veletsos and Huang [53] presented a successful 

numerical approach for evaluating the response of continuous.and cantilever beam bridges. In 

that study, the bridge was idealized as a single beam, the distributed mass as a number of 

masses, and vehicle as a planar model. Wen and Toridis [60] treated the vehicle as a moving 

force of constant magnitude and performed numerous investigations on three-span cantilever 

bridges. Wu and Dai [62] used a transfer matrix method to predicate the free and forced 

vibration behaviors of multi-span nonuniform beam due to moving loads. Recently, a 

comprehensive study on multigirder continuous bridges was reported by Huang, et al [19]. In 

that study, the emphasis was on the impact of I-beam bridges. In all previous studies, no 

consideration of bending and torsional vibration of box girder bridges was given. Also, authors 
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used one vehicle loading in longitudinal direction, which may not reflect the real practice of 

continuous and cantilever bridges. Moreover, there is little information available concerning the 

comparison of dynamic characteristics among continuous and different types of cantilever 

bridges, under the conditions of different road profiles, vehicle speeds, and others. 

 

The objective of this chapter is to investigate the dynamic characteristics and impact of 

continuous and cantilever box girder bridges with different vehicle models, road surface 

roughnesses, as well as vehicle speeds. In this study, the bridge model, road surface roughness, 

and vehicle model are same as those described in Chapter III. Multi-truck loading is considered 

in both transverse and longitudinal directions of the bridge. The results obtained in this study 

are significant for both practical bridge design and further theoretical study of continuous and 

cantilever box girder bridges. 

 

4.2. Description of analytical bridges 

 

Three analytical box girder bridges, which are designed based on the study of Heins and 

Lawrie [15] and AASHTO specifications [49], are shown in Fig 4-1. Fig. 4-1 (a) is a single-cell 

box girder continuous three-span structure with a center span of 76.17 m (249.91 ft) and end 

spans of 37.63 m (123.45 ft). The variable-depth girder is 4.572 m (15 ft) at the inner supports 

and 2.438 in (8 ft) at the sections 10.262 m (33.669 ft) from the inner supports to midspan and 

end supports. The single-cell trapezoidal box is 7.518 m (24.667 ft) wide at the top with the top 

cantilevering on each side of 2.718 m (8.917 ft). The top flange or deck is of constant 

dimension both longitudinally and transversely. The bottom flange is of constant dimension 
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transversely but varies in longitudinal direction from 0.457 m (1.5 ft) thick at inner supports 

to 0.229 m (0.75 ft) at the sections 10.262 m (33.669 ft) from the inner supports. The webs 

have a gradient of 1:4 and constant thickness of 0.406 m (1.333 ft). The typical sections are 

shown in Fig. 4-2. A diaphragm of 22.86 cm (9 in.) thick is added at the cross section over 

each support. 

Fig. 4-1 (b) and (c) show two common types of cantilever box girder bridges with 

the dimension as that illustrated in Fig. 4-1 (a). The cantilever bridge shown in Fig. 4-1 (b) 

has one hinge at midspan. The one presented in Fig. 4-1 (c) has two hinges at center span. 

The suspended span length is 27.699 m (90.876 ft).  It is assumed that the deflections, 

angles of torsion, and angles of distortion on both sides of each hinge are compatible. All 

the crosssections at hinges have diaphragms. 

 

4.3. Characteristics of free vibration 

The first eleven frequencies and their corresponding vibration mode shapes of the 

bridges shown in Fig. 4-1 are demonstrated in Figs. 4-3 to 4-46. Figs. 4-3 to 4-24 show the 

vibration modes of the continuous girder bridges with and without diaphragms at sections 

over supports. The vibration modes of cantilever box girder bridges with one and two 

hinges are illustrated in Figs. 4-25 to 4-46. It can be seen from Figs. 4-3 to 4-46 that: (1) 

The lowest first frequency among the three types of bridges occurs in Bridge Type II (see 

Fig. 4-1 (b)), while the lowest second frequency of those bridges is found in Bridge Type 

III, and (2) the torsional frequencies for the three different types of bridges have little 

difference because of the diaphragms added  
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at the hinges. Observing Figs 4-3 to 4-24, we can find that the diaphragms over supports 

greatly affect the torsional frequencies and their vibration modes, while no effect is taken place 

for the bending frequencies. It can be expected that more torsional vibration modes will 

influence the dynamic torsional response if external excited force is large enough. 

4.4. Forced vibration analysis 

Some assumptions have been made in the dynamic analysis. The bridges are 

hypothesized to have damping characteristics that can be modeled as viscous. The damping 

matrix is assumed to be proportional to mass and stiffness and be made up of the combination 

of these (5]. One percent of damping is supposed for the first and second modes according to 

Ruhl (45]. The solutions of Eq. 2-28 are obtained by the Newmark method (2]. It is found that 

the time step of 0.001 sec. can give very good accuracy for all kinds of dynamic responses. In 

order to get the initial displacements and velocities of vehicle DOF's when the vehicles entered 

the bridge, the vehicles were started the motion at a distance of 42.67 m (140 ft), (i.e. five-car 

length) away from the left end of the bridge and continued moving until the entire vehicles 

cleared the right end of the bridge. All trucks have the same left and right road surface 

roughnesses. The same class of road surface is assumed for both the approach roadways and 

bridge decks. 

4.4.1. Time Histories 

In order to illustrate the detailed responses of the bridges, the complete histories of 
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deflection, shear, bending moment, torque, and bi-moment for the three different types of 

box girder bridges are plotted, respectively in Figs. 4-47 to 4-100. The abscissa in these 

figures represents the distance between the left support and the position of the front axle of 

the vehicles on the bridge. Also shown in dotted lines in each figure is the static response. 

The dynamic responses are represented by solid lines. All history curves are calculated based 

on the loading model of three HS20-44 trucks side by side (see Fig. 4-101 (b)), good road 

surface, and vehicle speed of 88.5 km/hr.(55 mph). The histories of the continuous box 

girder bridge are demonstrated in Figs. 4-47 to 4-64; those of the cantilever bridges with one 

hinge are presented in Figs. 4-65 to 4-82; and Figs. 4-83 to 4-100 illustrate the histories of 

the cantilever bridge with two hinges.  Eighteen figures of time histories are given for each 

type of bridges, corresponding to vertical shear (y-direction) Qy, torque Tc and distortion 

torque ωT . at left end support, deflection Dy. at mid-span, as well as lateral bending moment 

MX, Qy, Tc, bi-moment Bw, ωT distortion bi-moment ωB , at Sections 4 and 5. 

The following characteristics of the curves in Figs. 4-47 through 4-100 are 

particularly important. First, the periods of dominant waves in the various curves are 

different. The fundamental natural mode is the principal contributor to the response at the 

center of bridges. For the remaining effects, several of the higher natural modes also 

contribute significantly. The contribution of the second, third, or fourth modes are 

particularly pronounced for the response of vertical bending moment at Sections 4 and 5. 

The responses of bi-moment and torque at Section 4 are apparently dominated by the 

third/fourth and higher modes. 
 

The second feature of importance in Figs. 4-47 to 4-100 is the critical dynamic response 
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for different types of bridges.  From a practical design point of view, the most important 

information presented in these Figures is the magnitude of the critical dynamic increments for 

responses at Sections 3, 4, and 5, as well as the relationship of these values among different 

types of bridges.  It can be observed from those figures that the absolute maximum dynamic 

increments of both moment and deflection for cantilever box girder bridges are several times 

larger than those for the continuous bridge. The factor most responsible for the increased 

susceptibility to vibration of the cantilever bridge is the hinge inserted at middle span. The 

deflected shapes of the bridges due to a concentrated static force applied at midspan or over 

the hinge are shown in Fig.4-102. Although the corresponding configurations for moving 

vehicles at the instant they cross that position are likely to be different, it can be expected to 

exhibit the same major discontinuity in slope directly under the load. As the loads cross the 

hinge, they are abruptly forced to change their direction of travel from downhill to uphill. This 

change causes a sudden increase in the rate of spring deformation, thus increases both the 

amplitude and periodicity of the interacting force as well as the response level of the bridges 

[18].  It can be seen from Figs. 4-65 to 4-100 that as soon as the vehicles cross the hinge, the 

fluctuations of vertical bending moment become larger and nearly periodic. By comparison, 

the effect of hinge on the dynamic responses of torque and bi-moment is small. This is 

because the torsional deformations at hinges are continuous and the excited force of vehicles 

is not large enough to develop higher torsional modes of bridges. The impact of lateral 

bending moment is extremely large. However, the ratio of lateral to vertical bending moment 

is comparatively small. 

4.4.2. Effect of Loading Model 





Most previous investigators used a single car to study the dynamic response of 

highway bridges [12, 22]. Recently, a loading model of multi-truck (side by side) was used 

to study the impact of multi-girder bridges [19, 20, 54, 56, 57]. To further understand the 

influence of loading modes on the dynamic response of box girder bridges, herein three 

loading cases (see Fig.4-101) will be considered. Loading model 1 shown in Fig.4-101 (a) is 

a single truck of asymmetric loading. Loading model 2 illustrated in Fig 4-101 (b) is a three-

truck asymmetric loading positioned transversely (side by side). Loading model 2 will 

induce the maximum positive bending moment for both side span and middle span. Fig.4-

101 (c) demonstrates loading model 3 which contains 6 trucks positioned three transversely 

and two in longitudinal direction. The distance between two longitudinal trucks is 

determined according to the fact that it will cause the absolute maximum bending moment 

over sections at inner supports. However, it is also found that loading model 3 can 

approximately produce both maximum positive and negative bending moment for Sections 

1, 3, and 5. 

Table 4-1 gives the maximum impact factors of different types of response at 

sections over inner supports and midspan for different loading models. The impact factor is 

defined as Eq. 3-2. 

The maximum impact factors are obtained based on vehicle speeds changing from 

24.14 km/hr (15 mph) to 120.68 km/hr (75 mph). The results shown in Table 4-1 are 

determined according to average road surface. As the sections 2 and 4 (see Fig. 4-1) are 

symmetrical about midspan, only one of the maximum impact factors related to the larger 

dynamic response of these two sections has been listed in Table 4-1. Notations Pos. and 

Neg. in the table indicate 
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that the maximum (positive and negative) responses respectively. Notations Qr, Mx, T., B.,, Ta„ B. 

and D,, have the same meaning as those defined before. In order to demonstrate some relations 

between impact and static response, Table 4-2 gives the maximum (positive and negative) static 

inner forces for different loading case and bridge types. From Tables 4-1 and 4-2, the following 

information can be gained. The effects of loading models for different types of bridges are quite 

different. For continuous box gird r bridge, one-truck loading will produce the maximum impact 

factors of moment and deflection, as well as the minimum impact factors of torsional response.  

It seems that there is a tendency that smaller static responses are related to larger impact factors, 

though this situation is not always true because other factors may influence the impact as well.  

For cantilever bridges, he impact factors of almost all kinds of responses increase greatly with 

increasing the number of loading trucks. This behavior is due to the hinges existed at middle 

span. As more trucks cross the hinge, the heavier the excited of vehicle force will be. The 

maximum impact factors moment and deflection of cantilever those bridge with one hinge at 

midspan are much large than with two hinges.  

 

4.4.3. Effect of Diaphragm  

Diaphragms are the important component of box girder bridges. In order to discern the 

influence of diaphragms, Tables 4-3 and 4-4 give the static and dynamic responses of three types 

of the bridges with and without diaphragms respectively. The results presented in Tables 4-3 and 

4-4 are computed under the same conditions as those illustrated in Tables 4-1 and 4-2, except that 

only loading case 2 is considered in this analysis. Table 4-3 indicates that most 
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maximum (positive and negative) torsional static responses of the bridges without diaphragms 

are larger than those with diaphragms, while the other responses are not affected by the 

diaphragms.  It can be observed from Table 4-4 that: (1) Diaphragms have little influence on the 

maximum impact factors of vertical bending responses, such as moment, deflection, as well as 

shear; (2) Most maximum impact factors of torsional responses of the bridges without 

diaphragm are distinctly larger than those with diaphragms, because more torsional vibration 

modes of the bridges without diaphragm will contribute to their dynamic response(see Figs.4-3 

to 4-24). Therefore, the diaphragms over support will apparently benefit both static and dynamic 

behavior of box girder bridges. 

4.4.4 Effect of Vehicle Speed and Road Surface Roughness 

 
 Vehicle speed and road surface roughness are two important parameters which affect the 

impact of bridges. Figs. 4-103 to 4-110 show the variation of impact factors with vehicle speeds 

and road surface roughness.  Figs 4-103, 4-105, and 4-107 illustrate the impact of moment at 

Section 4 for Bridge Type I, II, and III, respectively.  Figs 4-104, 4-106, and 4-108 demonstrate 

the impact of bi-moment at Section 2 for Bridge Type  I, II, and III, separately. The relations of 

impact to vehicle speeds at Section 5 for moment of Bridge Types II and III are shown in Figs. 

4-109 and 4-110 individually. It can be observe from those figures that the relations of impact 

factor of moment to vehicle speeds and road surface roughness for continuous and cantilever 

box girder bridges are dramatically different.  The impact of moment for the continuous bridge 

is distinctly affected by road surface roughness, especially when vehicle speed is greater than 

88.5 km/hr (55 mph). Velocity of vehicle is main factor which influence the 
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impact of cantilever bridges, particularly when vehicle speed exceeds 88.5 km/hr (55 mph), 

while road surface roughness is the secondary factor. It seems hat as the vehicle speed reaches 

120.675 km/hr (75 mph), very high impact factor of moment ay occur, especially at Section 5. 

In order to reduce the impact of moment for cantilever bridges, the most effective method is to 

limit the vehicle speed. With good road surface and vehicle speed less than 88.5 km/hr (55 

mph), the maximum impact factors of moment at most sections for cantilever bridges will not be 

greater than 25 %. Figs 4-104, 4-106, and 4-108 infer that the hinges in middle span have little 

influence on the impact of bi-moment.  The same situation has been found for the other torsional 

responses. 

 

4.4.5. Maximum Impact Factors 

 

Table 4-5 presents the maximum impact factors of the three types of bridges shown m 

Fig.4-1 for different road surface roughness. The results listed in Table 4-5 are evaluated 

according to the vehicle speeds changing from 24.14 km/hr (15 mph) to 120.68 km/hr (75 mph) 

and loading model 3 (see Fig. 4-101). From the engineering standpoint, only the impact factors 

corresponding to larger dynamic responses of two symmetrical sections about midspan are given 

in Table 4-5. The notations in Table 4-5 have the same meaning as defined in Table 4-1. For 

comparison, the impact factors determined according to AAS TO specifications are also listed in 

Table 4-5. From this table, some important information can be obtained. With very good surface 

roughness, the impact factors of all types of responses for the continuous bridge are less than 

those predicted by AASHTO specifications. This is also true for the torsional responses of the 

cantilever bridges. The maximum impact factors of moment and deflection for the 
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cantilever bridges are much larger than those for the continuous bridge and those evaluated by 

AASHTO specifications, no matter which class of road surface roughness is. It is interesting to 

note that the impact factors of moment and deflection of the cantilever bridge with a suspension 

span are much less than those with one hinge at midspan. The information reveals that the 

cantilever bridge is much more susceptible to vibration than the continuous one, particularly the 

cantilever bridge with only one hinge at midspan. The elimination of hinges at midspan 

whenever possible is beneficial to the structural dynamic behavior of the bridge. It also can be 

noted from Table 4-5 that the impact factors related to maximum positive and negative static 

responses are different. Generally, the larger the absolute static response is, the smaller the 

impact factor will be. 



CHAPTER V 

CONCLUSIONS AND RECOMMNDATIONS 

 

In this study, a procedure for predicating the dynamic response to moving vehicles is 

developed and validated. Both the vehicle and bridge re treated as space mathematical models. 

Moreover, the distortional deformation is considered.  The results obtained by the presented 

method agree very well with those calculated by fold plate method [26]. It is easy to obtain not 

only the impact factors of different types of stresses, but also those of different kinds of inner 

forces, such as bending moments, torques, an bi-moments. It can be used for space dynamic 

analysis of either in the simply supported b x girder bridges with deformable cross sections, or in 

the continuous and cantilever box gird r bridges. 

 

The dynamic characteristics of simply support thin-walled box girder bridges with and 

without diaphragms are studied first. Then, the dynamic behaviors of continuous and cantilever 

bridges are investigated. The effect of road surface roughness, vehicle speeds, damping ratio, 

and loading cases are analyzed. Also, the influence of hinges of cantilever bridges on the 

dynamic response is discussed. The conclusions of the research for simply supported box girder 

bridges are summarized as follows: 

 

End diaphragms are like lateral supports which greatly affect the lateral bending and 

torsional dynamic characteristics of box girder bridges. Generally, with decreasing distortional 

rigidity of end diaphragms, the static responses of torsi n and distortion increase, while impact  
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factors decease. The effect of mid-span diaphragm is relatively smaller. 

 

The dynamic response of vertical bending moment is caused mainly by first several low 

vibration modes, while that of bi-moment is greatly affected by higher modes when bridges have 

average and poor road surface roughnesses. For this reason, the effect of damping ratio on bi-

moment is significant, while the influence on vertical bending 's comparatively small. 

 

The impact factors vary with different transverse load positions and number of loading 

trucks. The meaningful impact factors used in bridge design are related to the loading model 

which can induce maximum static responses. 

 

Under the conditions of very good and good road surface roughnesses, the impact factors 

of the analytic bridge for all responses are less than 10% a d vary slightly with increasing vehicle 

speeds. However, with average and poor road surface roughnesses, the impact factors increase 

significantly and very high values of impact factors or bi-moments can be reached. Fortunately, 

the proportion of the normal stress produced by warping to that induced by vertical bending 

moment is not high for the analytical bridge. 

 

The conclusions of the investigation for continuous an cantilever bridges are: 

 

Diaphragms over supports greatly affect the torsion frequencies and their vibration modes, 

while no apparent effect is taken place on the vertical ending frequencies. The hinges in meddle 

span only affect the vertical bending vibration, with little influence of torsional 
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vibration. 

 
The forced vibration characteristics of continuous and cantilever box girder bridges are 

quite different. For cantilever bridges, the most important factor which affect the impact factors 

of vertical bending moment is the vehicle speed. At he speed exceeding 88.5 km/hr (55 mph), the 

maximum impact factor increases dramatically.  By comparison, the road profile becomes the 

secondary factor. The most effective method of reducing bending moment impact factor for 

cantilever bridges is to limit the vehicle speed. For continuous bridges, both vehicle speed and 

road profile are important, concerning the impact magnitude. However, continuous and 

cantilever box girder bridges have similar torsional behaviors. 

The influences of loading cases on the dynamic responses for different bridge types and 

kinds of responses are variable. For continuous box girder bridges, generally, one truck loading 

will produce the maximum impact factors of vertical ending moment and deflection as well as 

the minimum impact factors of torsional responses. For cantilever bridges, the maximum impact 

factors of almost all kinds of responses increase greatly with increasing the number of loading 

trucks. For this reason. the significant loading mode for predicating bridge impact in the field and 

theoretical study should be corresponding to the maximum static design inner force. 

The installation of diaphragms over supports benefits not only the static behavior of box 

girder bridges, but also the dynamic behavior, especially for cantilever box girder bridges. 

Elimination of diaphragms over supports will greatly in crease the dynamic bi-moment over 

inner supports of cantilever box girder bridges. 
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